We consider the fuzzification of the notion of fuzzy multiply positive implicative hyper BCK-ideals of BCK-algebras and then some related results are obtained. Using the concept of level subsets, we give a characterization of a fuzzy multiply positive implicative hyper BCK-ideal. We state a relation between a fuzzy hyper BCK-ideal and a fuzzy multiply positive implicative hyper BCK-ideal. Moreover, we introduce the notions of Noetherian hyper BCKalgebras and hyper homomorphisms of hyper BCK-algebras and investigate some related properties. Finally, we introduce the concept of hyper normalization of hyper BCK-algebras and discuss related properties.
(HK3) x • H {x}; (HK4) x y and y x imply x = y, for all x, y, z ∈ H, where x y is denoted by 0 ∈ x • y and for every A, B ⊆ H. A B is defined by, for all a ∈ A, there exists b ∈ B such that a b. In this case, we call " " the hyperorder in H.
In any hyper BCK-algebra H, the following hold:
x; (4) 0
x; (5) x • x;
for all x, y, z ∈ H and for all nonempty subsets A, B, and C of H. Proposition 2.1 [5] . In a hyper BCK-algebra, the condition (HK3) is equivalent to the condition (HK5) x • y {x} for all x, y ∈ H.
Definition 2.2 [5] . A nonempty subset I of a hyper BCK-algebra H is called a hyper BCK-ideal of H if (HI1) 0 ∈ I; (HI2) x • y I and y ∈ I imply x ∈ I, for all x, y ∈ H.
By a fuzzy set µ in H we mean a function µ : H → [0, 1]. For a fuzzy set µ in H and t ∈ [0, 1], the set U(µ; t) = {x ∈ H | µ(x) ≥ t} is called a level subset of µ. Definition 2.3 [4] . A fuzzy set µ in a hyper BCK-algebra H is called a fuzzy hyper BCK-ideal of H if (FHI1) x y implies µ(y) ≤ µ(x); (FHI2) µ(x) ≥ min{inf a∈x•y µ(a), µ(y)}, for all x, y ∈ H. Theorem 2.4 [4] . Let µ be a fuzzy set in a hyper BCK-algebra H. Then µ is a fuzzy hyper BCK-ideal of H if and only if U(µ; t) is a hyper BCK-ideal of H whenever U(µ; t) = for all t ∈ [0, 1].
Multiply positive implicative hyper BCK-ideals.
For any x, y ∈ H, x •y n denotes (···(((x • y) • y) • y) •···) • y in which y occurs n times. 
Proof. Assume that for any x, y, z ∈ H, there exists a natural number n = n(x, y, z)
Hence H is a multiply positive implicative hyper BCK-algebra. Conversely, let H be a multiply positive implicative hyper BCKalgebra. Let x, z ∈ H, then there exists a natural number n = n(x, z), such that x •z n = x • z n+1 , and so
. This completes the proof. 
Theorem 3.6. Let H be a multiply positive implicative hyper BCK-algebra. Then the following conditions are equivalent:
Since A is a multiply positive implicative hyper BCK-ideal, then there exists a natural number m, such that y • z m A, and thus y ∈ A. Therefore A is a fuzzy hyper BCKideal of H. and x •z k U(µ; t). Therefore U(µ; t) is a multiply positive implicative hyper BCK-ideal of H.
Fuzzy multiply positive implicative hyper BCK-ideals
Conversely, assume that for each t ∈ [0, 1], U(µ; t)( = ) is a multiply positive implicative hyper BCK-ideal of H. Let x y and t = µ(y). Then y ∈ U(µ; t) and thus x ∈ U(µ; t). It follows that µ(x) ≥ t = µ(y). Let x, y, z ∈ H, and put
Therefore µ is a fuzzy multiply positive implicative hyper BCK-ideal of H. 
Then I is a multiply positive implicative hyper BCK-ideal of H if and only if µ I is a fuzzy multiply positive implicative hyper BCK-ideal of H.
Proof. Assume that I is a multiply positive implicative hyper BCK-ideal of H. Note that Proof. Let µ be a fuzzy multiply positive implicative hyper BCK-ideal. Then
The converse of Theorem 4.5 may not be true as seen in Cayley table (Table 4 .
Now we give a condition for a fuzzy hyper BCK-ideal to be a fuzzy multiply positive implicative hyper BCK-ideal. Theorem 4.6. Let H be a multiply positive implicative hyper BCK-algebra, then the following are equivalent: 
and that µ(c) = µ(0). Hence x • z k I, as desired. 
Proof. Using Theorem 4.3, it is sufficient to show that the nonempty level set U(µ; α) of µ is a multiply positive implicative hyper BCK-ideal of H for every δ ∈ [0, 1]. We should consider two cases as follows:
For the case (i), we have x ∈ U(µ; δ)
x ∈ I α for all α < δ x ∈ α<δ I α whence U(µ; δ) = α<δ I α , which is a multiply positive implicative hyper BCK-ideal of H. Case (ii) implies that there exists > 0 such that (δ− , δ)∩Λ = . If x ∈ α≥δ I α , then x ∈ I α for some α ≥ δ. It follows that µ(x) ≥ α ≥ δ, so that x ∈ U(µ; δ). This proves that
. Therefore U(µ; δ) ⊆ α≥δ I α , and consequently U(µ; α) = α≥δ I α , which is a multiply positive implicative hyper BCK-ideal of H.
Noetherian hyper BCK-algebras
Definition 5.1. A hyper BCK-algebra H is said to satisfy the ascending (resp., descending) chain condition (briefly, ACC (resp., DCC)) if, for every ascending (resp., descending) sequence A 1 ⊆ A 2 ⊆ ··· (resp., A 1 ⊇ A 2 ⊇ ···) of multiply positive implicative hyper BCK-ideals of H, there exists a natural number n such that A n = A k for all n ≥ k. Let µ be a fuzzy set in H. We note that Imµ is a bounded subset of [0, 1]. Hence, we can consider a sequence of elements of Im µ which is either increasing or decreasing.
Theorem 5.3. Let H be a hyper BCK-algebra satisfying DCC and let µ be a fuzzy multiply positive implicative hyper BCK-ideals of H. If a sequence of elements of Im µ is strictly increasing, then µ has a finite number of values.
Proof. Let {t n } be a strictly increasing sequence of elements of Im µ. 
where A 0 stands for H. We prove that ν is a fuzzy multiply positive implicative hyper BCK-ideal of H. Let x, y ∈ H be such that x y. If y ∈ ∞ i=0 A i , then x ∈ ∞ i=0 A i , and thus ν(x) = 1 = ν(y). If y ∈ A i − A i−1 for i = 0, 1, 2,..., then x ∈ A i , and thus ν(x) ≥ i/(i + 1) = ν(y). Let x, y, z ∈ H. Assume that (x • y) • z n A i − A i=1 and y • z m ∈ A j − A j+1 for i = 0, 1, 2,..., j = 0, 1, 2,.... Without loss of generality, we may assume that i ≤ j. Then clearly y • z m A i . Since A i is a multiply positive implicative hyper BCK-ideal, then there exists a natural number k = k(x, y, z) such that If (x • y)• z n does not belong to Consequently we find that ν is a fuzzy multiply positive implicative hyper BCK-ideal and ν has an infinite number of different values. This is a contradiction and the proof is complete. Proof. (i)⇒(ii). Suppose that µ is a fuzzy multiply positive implicative hyper BCKideal whose set of values is not a well-ordered subset of [0, 1]. Then there exists a strictly decreasing sequence {t n } such that µ(x n ) = t n . Let B n = {x ∈ H | µ(x) ≥ t n }, then B 1 ⊊ B 2 ⊊ ··· is a strictly ascending chain of multiply positive implicative hyper BCK-ideals of H, contradicting the assumption that H is Noetherian.
(ii)⇒(i). Assume that condition (ii) is satisfied and H is not Noetherian. Then there exists a strictly ascending chain 
We claim that ν is a fuzzy multiply positive implicative hyper BCK-ideal of H. = k(x, y, z) such that (5.10) holds: thus ν is a fuzzy multiply positive implicative hyper BCK-ideal of H. Since chain (5.6) is not terminating, ν has a strictly descending sequence of values. This contradicts the assumption that the value set of any fuzzy multiply positive implicative hyper BCK-ideal is well ordered. Hence H is Noetherian.
We note that a set is well ordered if and only if it does not contain any infinite descending sequence. Proof. Assume that H is a Noetherian hyper BCK-algebra and let µ be an ideal of H. Then by Theorem 5.5, Imµ is a well-ordered subset of [0, 1], and so the condition is necessary.
Conversely, assume that the condition is satisfied. Suppose H is not Noetherian. Then there exists a strictly ascending chain of multiply positive implicative hyper BCK-ideals
Define a fuzzy set µ in H by Consequently, µ is a fuzzy multiply positive implicative hyper BCK-ideal. This contradicts our assumption. Hence H is Noetherian.
Hyper homomorphism of hyper BCK-algebras
Definition 6.1 [3] . Proof. Since µ is hypernormal, we have µ(0) = 1. Let x ∈ H be such that µ(x) ≠ 1. It is sufficient to show that µ(x) = 0. If not, then there exists w ∈ H such that 0 < µ(w) < 1. Define a fuzzy set ν in H by ν(x) = (1/2)(µ(x) + µ(w)) for all x ∈ H. Clearly, ν is well defined. Let x, y ∈ H be such that x y, then µ(x) ≥ µ(y), and thus
For any x, y, z ∈ H, we have 
and ν + (w) < 1 = ν + (0). It follows that ν + is nonconstant and µ is not maximal. This is a contradiction, ending the proof.
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